Abstract. This paper contains some basic results on 2-groupoids, with special emphasis on computing derived mapping 2-groupoids between 2-groupoids and proving their invariance under strictification. Some of the results proven here are presumably folklore (but do not appear in the literature to the author's knowledge) and some of the results seem to be new. The main technical tool used throughout the paper is the Quillen model structure on the category of 2-groupoids introduced by Moerdijk and Svensson.
Introduction
Crossed modules, invented by J.H.C. Whitehead in the early twentieth century, are algebraic models for (connected) homotopy 2-types (i.e. connected spaces with no homotopy group in degrees above 2), in much the same way that groups are algebraic models for homotopy 1-types. It is a standard fact that a crossed module is essentially the same thing as a 2-group (that is, a 2-category with one object in which all 1-morphisms and all 2-morphisms are strictly invertible). This is made precise by establishing an equivalence between the category of crossed modules and the category of 2-groups (Section 3). In particular, 2-groups can also be used to model connected 2-types. More generally, 2-groupoids can be used to model arbitrary (i.e. not necessarily connected) 2-types.
But what do we really mean when we say 2-groupoids model homotopy 2-types? According to Whitehead, to a connected homotopy 2-type one can associate a crossed module and from this crossed module one can recover the original 2-type. More generally, to any 2-type one can associate a 2-groupoid (the Whitehead 2-groupoid) and from this 2-groupoid one can recover the original 2-type. One should keep in mind, however, that understanding 2-types is not only about understanding a single space with vanishing π i , i ≥ 3, but also about understanding mapping spaces between such spaces. So one may ask: is the category of 2-groupoids rich enough to provide us with such information? For instance, given 2-groupoids G and H, can we capture the set of homotopy classes of maps between the corresponding 2-types from the 2-groupoids of morphisms between G and H?
The answer to the latter question is indeed no. There are usually far too few 2-groupoid morphisms to produce all homotopy classes. As a consequence, to have correct algebraic models for mapping spaces between 2-types, one needs to resort to more sophisticated tools.
There are two standard ways to go about this problem. One is to enlarge the set of morphisms by taking into account weak morphisms between 2-groupoids. The other is to endow the category of 2-groupoids with a model structure and use a cofibrant replacement procedure to define derived mapping spaces. There seems to be a common understanding among experts how these things should be done and agreement that both approaches yield essentially the same results. But to my knowledge, there are not many, if any, places in the literature where one can look for precise statements, let alone proofs.
This article is an attempt to fill this gap. The goal is to present various models for the mapping space between two given 2-groupoids (or weak 2-groupoids) and to verify that such models are naturally homotopy equivalent and that they provide algebraic models for the mapping space between the corresponding 2-types. We will also do the pointed version of these results. The results of this paper are used in [No] to provide yet another model for the space of weak morphisms between two crossed modules, which is very simple and handy and has interesting applications to the study of group actions on stacks.
This paper is organized as follows. There are essentially three parts, each one introducing a certain degree of "weakness" to the previous one! In the first part, which includes up to Section 7, we are concerned with strict 2-groupoids and strict functors between them, and we try to understand the derived mapping spaces (read, 2-groupoids) between 2-groupoids. (We will, however, already need to use weak transformations in this section, as strict transformation are not homotopically correct in this context.) Our main technical tool is the Moerdijk-Svensson model structure, and its monoidal strengthening developed in [La04] .
In the second part of the paper, Section 7 and Section 8, we allow weak 2-functors into the picture, and study the corresponding simplicial mapping spaces. The point is that allowing this extra flexibility lets us get away with not having to make cofibrant replacements when computing derived mapping spaces. That is, the 2-groupoid of weak 2-functors, weak 2-transformations and modification between arbitrary 2-groupoids H and G has the correct homotopy type and is homotopy equivalent to the derived mapping space.
In the third part of the paper, Section 9, we bring in weak 2-groupoids. We see that introducing weak 2-groupoids essentially does not add anything to the homotopy theory. Put differently, we can always replace weak 2-groupoids with strict ones without losing any homotopy theoretic information, and this strictification does not alter derived mapping spaces.
Since the author's ultimate goal is to apply these results to 2-groups and crossed modules, we also develop a pointed version of the theory, parallel to the unpointed one, and explain briefly how the pointed theory can be translated to the language of crossed modules.
A 2-functor between 2-categories means a strict 2-functor. We sometimes refer to a 2-functor simply as a functor, or, more informally, a map of 2-categories. A 2-functor between 2-groupoids is simply a 2-functor between the underlying 2-categories.
In this paper, we encounter various kinds of "hom"s. To make it easier to keep track of these we follow certain conventions. First, the underlined ones are internal, namely they are 2-groupoids or 2-categories. The more curly they get, the more weakness is involved. E.g., Hom means the 2-category of strict 2-functors, strict 2-transformations and modifications. HOM then stands for the 2-category of weak 2-functors, weak transformations and modifications. Hom is used for simplicial mapping space in the category of simplicial sets.
For objects A and B in a category C with a notion of weak equivalence, we denote the set of morphisms in the homotopy category from B to A, that is Hom Ho(C) (B, A), by [B, A] C .
The terms 'morphism', '1-morphism' and 'arrow' will be used synonymously. We use multiplicative notation for 1-morphisms of a 2-category, as opposed to the compositional notation (that is, f g instead of g • f ). We also do the same with the horizontal and vertical composition of 2-morphisms. To avoid confusion, we put our 2-morphisms inside square brackets when we are doing vertical compositions. This is all illustrated in the following example:
For example, the 2-morphism from af to ag is denoted by aβ, and the 2-morphism from af to bh is given by
We use the German letters C, D, . . . for general 2-categories and G, H, . . . for 2-groupoids. The upper case Latin letters A, B, C, . . . are used for objects in such 2-categories, lower case script letters a, b, g, h, . . . for 1-morphisms, and lower case Greek letters α, β, . . . for 2-morphisms.
The symbol ≃ is used for weak or homotopy equivalences, and ∼ = is used for isomorphisms.
We denote by 2Gpd the category of small 2-groupoids and strict functors, by 2Gpd w the category of small 2-groupoids and weak functors (Section 7), and by W2Gpd the category of small weak 2-groupoids and weak 2-functors (Section 9). Our notions of weak 2-functor and weak 2-category are slightly stronger than the standard notions in that we do not weaken the identities. The category of simplicial sets is denoted by SSet, and the category of small 2-categories by 2Cat. Various nerve functors that appear in this paper are all denoted by N . The Whitehead functor W : SSet → 2Gpd, to be introduced in Section 5, is the left adjoint to N : 2Gpd → SSet.
By fiber product of 2-categories we mean strict fiber product. We will not encounter the homotopy fiber product of 2-categories in this paper.
For notation concerning crossed modules see §3.2.
3. Quick review of 2-groups and crossed modules 3.1. Quick review of 2-groups. We recall some basic facts about 2-groups and crossed modules. Our main references are [BaLa, Ba, Br, Lo, MoSe, McWh, Wh] . The reader is also encouraged to consult the works of the Bangor school (mostly available on their webpage [Ban]). A 2-group G is a group object in the category of groupoids. Alternatively, we can define a 2-group to be a groupoid object in the category of groups, or also, as a (strict) 2-category with one object in which all 1-morphisms and 2-morphisms are invertible (in the strict sense). We will try to adhere to the 'group in groupoids' point of view throughout the paper, but occasionally switching back and forth between different points of view is inevitable. Therefore, the reader will find it rewarding to master how the equivalence of these three point of views works.
A (strict) morphism f : G → H of 2-groups is a map of groupoids that respects the group operation. If we view G and H as 2-categories with one object, such f is nothing but a strict 2-functor. The category of 2-groups is denoted by 2Gp.
To a 2-group G we associate the groups π 1 G and π 2 G as follows. The group π 1 G is the set of isomorphism classes of objects of the groupoid G. The group structure on π 1 G is induced from the group operation of G. The group π 2 G is the group of automorphisms of the identity object e ∈ G. This is an abelian group. The groups π 1 and π 2 are functorial in G. A morphism f : G → H of 2-groups is called an equivalence if it induces isomorphisms on π 1 and π 2 . The homotopy category of 2-groups is the category obtained by inverting all the equivalences in 2Gp. We denote it by Ho(2Gp).
Caveat: an equivalence between 2-groups need not have an inverse. Also, two equivalent 2-groups may not be related by an equivalence, but only a zig-zag of equivalences.
Quick review of crossed modules.
is a pair of groups G 1 , G 2 , a group homomorphism ϕ : G 2 → G 1 , and a (right) action of G 1 on G 2 , denoted − a , which lifts the conjugation action of G 1 on the image of ϕ and descends the conjugation action of G 2 on itself. Before making this precise, let us introduce some (perhaps non-standard) notation.
Notation. We usually denote the elements of G 2 by Greek letters and those of G 1 by lower case Roman letters. We sometimes suppress ϕ from the notation and denote ϕ(α) by α. For elements g and a in a group G we sometimes denote a −1 ga by g a .
With the above notation, the two compatibility axioms of a crossed module can be written in the following way:
The kernel of ϕ is a central (in particular abelian) subgroup of G 2 and is denoted by π 2 G. The image of ϕ is a normal subgroup of G 1 whose cokernel is denoted by π 1 G. A (strict) morphism P : H → G of crossed modules is a pair of group homomorphisms p 2 : H 2 → G 2 and p 1 : H 1 → G 1 which commute with the ϕ maps and respect the actions. Such a morphism induces homomorphisms on π 1 and π 2 . A morphism is called an equivalence if it induces isomorphisms on π 1 and π 2 .
3.3. Equivalence of 2-groups and crossed modules. There is a natural pair of inverse equivalences between the category 2Gp of 2-groups and the category CrossedMod of crossed modules. Furthermore, these functors preserve π 1 and π 2 . They are constructed as follows. We only describe the effect of these functors on objects.
Functor from 2-groups to crossed modules. Let G be a 2-group. Let G 1 be the group of objects of G, and G 2 the set of arrows emanating from the identity object e; the latter is also a group (namely, it is a subgroup of the group of arrows of G).
Define the map ϕ :
The action of G 1 on G 2 is given by conjugation. That is, given α ∈ G 2 and g ∈ G 1 , the action is given by g −1 αg. Here were are thinking of g as an identity arrow and multiplication takes place in the group of arrows of of G. It is readily checked that [ϕ :
Functor from crossed modules to 2-groups. Let [ϕ : G 2 → G 1 ] be a crossed module. Consider the groupoid G whose underlying set of objects is G 1 and whose set of arrows is G 1 ⋊ G 2 . The source and target maps are given by s(g, α) = g, t(g, α) = gϕ(α).
Recall that the group operation in G 1 ⋊G 2 is defined by (g, α)(h, β) = (gh, α h β). It is easy to see that s, t, and the inclusion map G 1 ֒→ G 1 ⋊ G 2 are group homomorphisms. So G is naturally a group object in the category of groupoids.
The above discussion shows that there is a pair of inverse functors inducing an equivalence between CrossedMod and 2Gp. These functors respect π 1 and π 2 . Therefore, we have an equivalence Ho(CrossedMod) Ho(2Gp).
This equivalence respects the functors π 1 and π 2 .
2-categories and 2-groupoids
In this section we quickly go over some basic facts and constructions for 2-categories, and fix some terminology.
By a 2-category we mean a strict 2-category. A 2-groupoid is a 2-category in which every 1-morphism and every 2-morphism has an inverse (in the strict sense). Every category (respectively, groupoid) can be thought of as a 2-category (respectively, 2-groupoid) in which all 2-morphisms are identity.
A 2-functor between 2-categories means a strict 2-functor. We sometimes refer to a 2-functor simply by a functor, or a map of 2-categories. A 2-functor between 2-groupoids is simply a 2-functor between the underlying 2-categories. 4.1. Strict transformations between 2-functors. Let C and D be (strict) 2-categories, and let P, Q : D → C be (strict) 2-functors. By a 2-transformation T : P ⇒ Q we mean an assignment of an arrow t A : P (A) → Q(A) in C to every object A in D such that for every 2-morphism γ : c ⇒ c ′ in D between two arrows c and c ′ with common source and targets A and B, we have P (γ)t B = t A Q(γ). This can be depicted as the following commutative pillow:
Alternatively, a 2-transformation P ⇒ Q is the same as a 2-functor I × D → C whose restriction to {0} × D is P and whose restriction to {1} × D is Q. Here I stands for the category {0 → 1}. We sometimes refer to a 2-transformation simply by a transformation, if there is no chance of confusion.
A transformation between two 2-transformations S, T , called a modification, is a rule assigning to each object A ∈ D a 2-morphism µ A : s A ⇒ t A in C, such that for every arrow c : A → B in D, we have P (c)µ B = µ A Q(c). This can be depicted as the following commutative pillow:
Alternatively, a modification S ⇒ T is the same as a 2-functor I × D → C whose restriction to the subcategory (s, id) : I × D ֒→ I × D corresponds to the transformation S, and whose restriction to the subcategory (t, id) : I × D ֒→ I × D corresponds to the transformation T . Here I stands for the 2-category µ 0 s t 1 Definition 4.1. Given 2-categories C and D, we define Hom(D, C) to be the 2-category whose objects are 2-functors from D to C, whose 1-morphisms are 2-transformations between 2-functors, and whose 2-morphisms are modifications.
The following exponential law is easy to prove. With this, 2Cat is enriched in 2-categories. When C is a 2-groupoid, Hom(D, C) is also a 2-groupoid. So, 2Gpd is naturally enriched in 2-groupoids. In other words, 2Cat and 2Gpd are closed monoidal categories, the product being cartesian product.
4.2.
Weak transformations between 2-functors. There is also a notion of weak 2-transformation between (strict) 2-functors, and modifications between them. We recall the definitions.
A weak transformation between two 2-functors P and Q is like a strict transformation, except that to a morphism c : A → B in D we assign a 2-cell
We require that θ id = id, and that θ h satisfy the obvious compatibility conditions with respect to 2-morphisms and composition of morphisms. There are two types of conditions here. One is the same as the commutative pillow of page 6, in which the top and bottom squares are now decorated with θ c and θ c ′ , respectively. (Just to make sure the reader visualizes the pillow correctly, the top square of the pillow is exactly the 2-commutative square of the previous paragraph.) The second compatibility condition says that for every two composable morphisms a and b, the corresponding squares compose. By abuse of notation, this can be written as
Modifications between two weak 2-transformations are defined in the same way as they were defined for strict 2-transformations ( §4.1).
Definition 4.3. Given 2-categories C and D, we define Hom(D, C) to be the 2-category whose objects are 2-functors from D to C, whose 1-morphisms are weak 2-transformations between 2-functors, and whose 2-morphisms are modifications.
1
Of course, the exponential law of Lemma 4.2 will not work with Hom unless we change our product accordingly. It turns out that this can be done, namely by replacing the usual product with the Gray tensor product. For a nice description of Gray tensor product see [La02] , last paragraph of Section 2.
In the following, ⊗ stands for the Gray tensor product.
Lemma 4.4 ( [Gr] , page 73, Theorem I,4.9). Let C, D and E be 2-categories, then we have a natural isomorphism of 2-categories
This gives us another enrichment of 2Cat over itself. When C is a 2-groupoid, then Hom(D, C) is also a 2-groupoid. So, similarly, we have a new enrichment of 2Gpd over itself. Therefore, each of 2Gpd and 2Cat admits two different closed monoidal structures, one with Hom and cartesian product, the other with Hom and Gray tensor product.
4.3.
Nerve of a 2-category. We review the nerve construction for 2-categories, and recall its basic properties [MoSe] .
Let G be a 2-category . We define the nerve of G, denoted by N G, to be the simplicial set defined as follows. The set of 0-simplices of N G is the set of objects of G. In [Gr] , this 2-category is denoted by Fun.
Commutativity of the above tetrahedron means
. That is, the following square of transformations is commutative:
For n ≥ 3, an n-simplex of N G is an n-simplex such that each of its sub 3-simplices is a commutative tetrahedron as described above. In other words, N G is the coskeleton of the 3-truncated simplicial set
The nerve gives us a functor N : 2Cat → SSet, where SSet is the the category of simplicial sets.
Closed model structure on 2Gpd
We quickly review the Moerdijk-Svensson closed model structure on the category of 2-groupoids. The main reference is [MoSe] . A generalization of this model structure to the case of crossed-complexes can be found in [BrGo] .
Definition 5.1. Let H and G be 2-groupoids, and P : H → G a functor between them. We say that P is a fibration if it satisfies the following properties:
F1. For every arrow a : A 0 → A 1 in G, and every object B 1 in H such that P (B 1 ) = A 1 , there is an object B 0 in H and an arrow b :
Definition 5.2. Let G be a 2-groupoid, and A an object in G. We define the following.
• π 0 G is the set of isomorphism classes of objects in G.
• π 1 (G, A) is the group of 2-isomorphism classes of arrows from A to itself. The fundamental groupoid Π 1 G is the groupoid obtained by taking the groupoid of all 1-morphisms of G and identifying 2-isomorphic 1-morphisms.
• π 2 (G, A) is the group of 2-automorphisms of the identity arrow 1 A : A → A. These invariants are functorial with respect to 2-functors. A map H → G is called a (weak) equivalence of 2-groupoids if it induces bijections on π 0 , π 1 and π 2 for every choice of basepoint. We usually drop the adjective 'weak' when we talk about weak equivalences of 2-groupoids, groupoids, 2-groups, or crossed modules.
We remark that a 2-group in the sense of §3.1 is precisely a 2-groupoid with one object. This identifies 2Gp as a full subcategory of 2Gpd. Under this identification, the notions of π 1 , π 2 , and weak equivalence introduced in §3.1 coincide with the ones given above.
Having defined fibrations and weak equivalences between 2-groupoids, we define cofibrations using the left lifting property.
Theorem 5.3 ([MoSe], Theorem 1.2). With weak equivalences, fibrations and cofibrations defined as above, the category of 2-groupoids is a closed model category.
In this model structure, every object is fibrant. Cofibrant objects are a bit trickier, but, morally, they should be thought of as some sort of free objects. A more explicit description of cofibrations in the Moerdijk-Svensson model structure is given in the Remark on page 194 of [MoSe] .
The nerve functor is a bridge between the homotopy theory of 2-groupoids and the homotopy theory of simplicial sets. To justify this statement, we quote the following from [MoSe] .
Proposition 5.4 (see [MoSe] , Proposition 2.1).
i. 
-groupoids is an equivalence if and only if
Remark 5.5. Regarding 2Gp as a full subcategory of 2Gpd, we can also talk about nerves of 2-groups. This is a functor N : 2Gp → SSet * , where SSet * is the category of pointed simplicial sets. The above proposition remains valid if we replace 2-groupoids by 2-groups and SSet by SSet * throughout.
The functor N : 2Gpd → SSet has a left adjoint W : SSet → 2Gpd, called the Whitehead 2-groupoid, which is defined as follows (see [MoSe] page 190, Example 2). Let X be a simplicial set. The underlying groupoid of W (X) is Π 1 (|X (1) |, |X (0) |), where |X (i) | stands for the geometric realization of the i th skeleton of X, and Π 1 stands for fundamental groupoid. A 2-morphism in W (X) is the equivalence class of a continuous map α :
(1) |. Two such maps α and β are equivalent if there is homotopy
(1) |. It is easy to see that W preserves homotopy groups. In particular, it sends weak equivalences of simplicial sets to equivalences of 2-groupoids. Much less obvious is the following i. Each adjoint preserves weak equivalences. ii. For every 2-groupoid G, the counit of adjunction W N (G) → G is a weak equivalence. iii. For every simplicial set X such that π i X = 0, i ≥ 3, the unit of adjunction X → N W (X) is a weak equivalence. In particular, the functor N : Ho(2Gpd) → Ho(SSet) induces an equivalence of categories between Ho(2Gpd) and the category of homotopy 2-types. (The latter is defined to be the full subcategory of Ho(SSet) consisting of all X such that π i X = 0, i ≥ 3.)
Remark 5.7. The pointed version of the above theorem is also true. The proof is just a minor modification of the proof of the above theorem.
It is also well-known that the geometric realization functor | − | : SSet * → Top * induces an equivalence of of homotopy categories. So we have the following Corollary 5.8. The functor |N (−)| : Ho(2Gp) → Ho(Top * ) induces an equivalence between Ho(2Gp) and the full subcategory of Ho(Top * ) consisting of connected pointed homotopy 2-types.
5.1. Monoidal closed model structure on 2Gpd. We saw in Section 5 that 2Gpd admits a closed model structure. We also know from §4.1 and §4.2 that 2Gpd can be made into a monoidal category in two different ways. Namely, there are two reasonable ways of enriching the hom-sets to 2-groupoids. In many applications, it is desirable to have simplicially enriched hom-sets. In other words, one would like to have a simplicial structure in the sense of ( [GoJa] , § II.2, Definition 2.1). Furthermore, to have a full-fledged homotopy theory one also requires a compatibility between the simplicial structure and the closed model structure. This compatibility condition is neatly encoded in Quillen's SM7, ( [GoJa] , § II.3, Definition 3.1).
We have two candidates for simplicially enriching 2Gpd. We could either take N Hom(H, G), or N Hom(H, G). It can be shown that 2Gpd does become a simplicial category with N Hom(H, G). However, SM7 will not be satisfied, because it is easy to produce examples where the (derived) mapping spaces do not have the right homotopy type (or one can directly verify that SM7 fails). At first look, N Hom(H, G) seems to be the correct alternative, because in this setting the (derived) mapping spaces can be shown to have the right homotopy type. However this attempt fails even more miserably, as this simplicial enrichment is not even well-defined: given three groupoids G, H and K, the composition map
can not even be defined! This is because if we have an arrow in Hom(K, H), namely a weak 2-transformation between the 2-functors P 1 , Q 1 : K → H, and an arrow in Hom(H, G), namely a weak 2-transformation between the 2-functors P 2 , Q 2 : H → G, then it is not possible to define a canonical weak transformation between the 2-functors
In [La04] it is proven that the monoidal structure on 2Gpd defined via Hom and Gray tensor product is compatible with the Moerdijk-Svensson model structure. Namely, it equips 2Gpd with the structure of a monoidal closed model category in the sense of ([La04] , § 7). The nerve functor N : 2Gpd → SSet, however, does not respect the monoidal structure.
Nevertheless, with some extra work, one can prove that N respects derived mapping spaces (Proposition 7.9).
Definition 5.9. Let C be a monoidal closed model category, with internal homobjects denoted by Hom. Let A and B be objects in C. The derived hom-object RHom(B, A) is defined to be Hom(B,Ā), whereĀ is a fibrant replacement for A andB is a cofibrant replacement for B.
The derived hom-object should be thought of as the monoidal enrichment of [B, A] C , in the sense that π 0 RHom(B, A) ∼ = [B, A] C . The reason for making such fibrant-cofibrant replacements is that Hom(B, A) is not a priori homotopy invariant, in the sense that its weak homotopy type may change if we replace A or B by a weakly equivalent object. However, RHom(B, A) as defined above is homotopy invariant. Of course, there are some choices involved in the definition of RHom(B, A), but the weak homotopy type of RHom(B, A) is well-defined.
In Section 7 we give an explicit model for RHom(H, G) using weak 2-functors; see Proposition 7.8.
6. The pointed category 2Gpd * and application to crossed modules
In this section we discuss pointed versions of the results of the previous section. The interest in the pointed version lies in the fact that understanding the homotopy theory of pointed 2-groupoids 2Gpd * is what we need in studying 2Gp and CrossedMod.
We define the category 2Cat * of pointed 2-categories as follows. A pointed 2-category is a 2-category with a chosen base point (i.e. object) which, by abuse of notation, we denote by * . In 2Cat * a 2-functor P : D → C is required to preserve the base points, and a transformation T : P ⇒ Q between such functors is required to satisfy the condition θ * = id * (similarly, for modifications we require µ * to be the identity). The pointed hom-2-category between two pointed 2-categories D and C is denoted by Hom * (D, C) .
The same definitions apply to the category 2Gpd * of 2-groupoids. There is a pointed version of the Moerdijk-Svensson closed model structure, and pointed versions of Proposition 5.4 and Theorem 5.6 are valid.
The following proposition follows from the pointed version of Theorem 5.6.
Proposition 6.1. The functor N : Ho(2Gp) → Ho(SSet * ) induces an equivalence between Ho(2Gp) and the full subcategory of Ho(SSet * ) consisting of connected pointed homotopy 2-types.
We point out that every pointed 2-groupoid is fibrant in 2Gpd * . It is also easy to check that a pointed 2-groupoid is cofibrant in 2Gpd * if and only if it is cofibrant in 2Gpd.
6.1. Translation to the language of crossed modules. We can now apply the homotopy theory developed above for 2Gpd * to study 2-groups. This is because 2Gp naturally embeds as a full subcategory of 2Gpd * , by viewing a 2-group as a 2-groupoid with one object. On the other hand, 2-groups are the same as crossed modules (see §3.3), so it is interesting to translate the homotopical structure of 2Gpd * through 2Gp to the language of crossed modules.
We start with the notions of transformation and pointed transformation. Let G = [ϕ : G 2 → G 1 ] and H = [ψ : H 2 → H 1 ] be crossed modules, and let P, Q : H → G be morphisms between them. Then a transformation T : P ⇒ Q is given by a pair (a, θ) where a ∈ G 1 and θ : H 1 → G 2 is a crossed homomorphism for the induced action, via p
). These data should satisfy the following axioms:
A transformation T is pointed if and only if a = 1. Between two pointed transformations there is no non-trivial pointed modification.
Definition 6.2. We say a morphism H → G of crossed modules is a fibration (respectively, cofibration) if the induced morphism on the associated 2-groups is so (in the sense of Moerdijk-Svensson). 
be a trivial fibration. Since G 1 is free and f 1 is surjective, there is a section s 1 :
To prove the converse, choose a free group F 1 and a surjection f 1 :
. By assumption, this has a section, so in particular we get a section s 1 : G 1 → F 1 which embeds G 1 as a subgroup of F 1 . It follows from Nielsen's theorem that G 1 is free.
Remark 6.5. Let G be a group and H a subgroup. Let us say that G is a free extension of H if for every surjection p : K → G, every partial section s : H → K to p can be extended to G. For instance, if H is the trivial group, this is equivalent to G being free. Proposition 6.3 can be generalized by saying that (
is a cofibration if and only if f 1 : H 1 → G 1 is injective and G 1 is a free extension of f 1 (H 1 ).
Using the above proposition, we can give a simple recipe for cofibrant replacement of a crossed module. Let G = [G 2 → G 1 ] be an arbitrary crossed module. Let F 1 → G 1 be a surjective map from a free group F 1 , and set
Then F is cofibrant, and the natural map F → G is a trivial fibration (Proposition 6.3). In other words, F → G is a cofibrant replacement for G.
Weak 2-functors between 2-categories
In contrast to the case of ordinary groupoids, the nerve functor N : 2Gpd → SSet fails to be full. In order to make it full, one can cheat and define a weak 2-functor H → G to be a simplicial map N H → N G! Translating this back to the language of 2-categories, we arrive at the following definition.
Definition 7.1. Let H and G be 2-categories. A weak 2-functor F : H → G is defined the same way as a strict 2-functor, except that for every pair of composable arrows a, b ∈ H we require that instead of the equality F (ab) = F (a)F (b), we are given a 2-morphism ε a,b : F (a)F (b) ⇒ F (ab) which is natural in a and b. For every three composable arrows a, b and c, we require that the following diagram commutes:
i. The naturalness assumption on ε a,b in particular implies the following. Suppose we are given 2-morphisms as in the diagram
Then, we require that after applying F the diagram remains commutative. This means
ii. Our definition of weak is slightly stronger than the usual one in that we are assuming that F preserves the identity 1-morphisms strictly. We do not, however, require that F (a −1 ) = F (a) −1 .
Considering 2-groups as 2-categories with one object, we obtain the notion of a weak map of 2-groups. The translation of this definition in the language of crossed modules is given in Section 8.
We denote the category of 2-categories (respectively, 2-groupoids, 2-groups) with weak morphisms by 2Cat w (respectively, 2Gpd w , 2Gp w ). Notice that each of these categories contains the corresponding strict category as a subcategory.
7.1. Transformations between weak functors. Let D and C be 2-categories. Weak 2-functors from D to C form a 2-category. The 1-morphism in this 2-category are transformations T : P ⇒ Q. Recall ( §4.2) that a transformation between strict functors P and Q is a rule which assigns to every morphism c : A → B in D a 2-cell in C of the form
In case of weak 2-functors P and Q, we require the same conditions as in §4.2, except that the second compatibility condition "θ a θ b = θ ab ", should be modified as follows. For every two composable morphisms a and b, the prism (of the form ∆ 1 × ∆ 2 ) with three square faces θ a , θ b and θ ab and two triangular faces ǫ P a,b and ǫ Q a,b is commutative.
We can also talk about modification between two weak 2-transformations between weak 2-functors. The definition is identical to the one in the case of strict 2-functors ( §4.1).
Definition 7.3. Given 2-categories C and D, we define HOM(D, C) to be the 2-category whose objects are weak 2-functors from D to C, whose 1-morphisms are weak 2-transformations between 2-functors, and whose 2-morphisms are modifications.
Observe that HOM(D, C) contains Hom(D, C) as a full sub-2-category. In the case where C is a 2-groupoid, HOM(D, C) is also a 2-groupoid.
7.2. Nerves of weak functors. As pointed out at the beginning of this section, our definition of a weak functor between two 2-categories was formulated by translating the simplicial identities that have to be satisfied by a simplicial map on the corresponding nerves. Having taken this for granted, the following is immediate.
Proposition 7.4. The nerve functors extend to fully faithful functors
N : 2Cat w → SSet, N : 2Gpd w → SSet, and N : 2Gp w → SSet * .
Remark 7.5. Using the notion of weak functor between 2-categories, we can give an alternative view to the nerve of a 2-category G. Let I n be the ordered set {0, 1, · · · , n}, with the usual ordering, viewed as a category (hence, also a 2-category). Then N G n is in natural bijection with the set of weak functors I n → G. This also explains why N is functorial and preserves fiber products.
Lemma 7.6. A weak map P : H → G of 2-groupoids induces group homomorphisms
π i P : π i H → π i G, i ≤ 2
, for every choice of base points. In particular, we can talk about a weak map P being an equivalence of 2-groupoids. (Compare Definition 5.2.) Furthermore, P : H → G is an equivalence of 2-groupoids if and only if N P : N H → N G is a weak equivalence of simplicial sets.
Proof. Straightforward.
The next result is that HOM(H, G) can be used to compute derived hom-2-groupoids without the need to take a cofibrant replacement for H. To prove this fact, first we prove a lemma.
Lemma 7.7. Let P, Q : H → G be weak 2-functors between 2-groupoids. Then P and Q, viewed as objects in the 2-groupoid HOM(H, G), are isomorphic if and only if N P and N Q are simplicially homotopic. In other words, we have a natural bijection
Proof. Observe that a simplicial homotopy from N P to N Q, that is, a simplicial map ∆ 1 × N H → G connecting N P to N Q, is given by data almost identical to that required to give a weak transformation from P to Q (see §4.2), where instead of the squares of §4.2 we have to use squares of the form
Namely, the 2-morphism θ c is now replaced by a triple (t c , θ c , θ c ). The compatibility conditions required for (t c , θ c , θ c ) are simply translated, in the obvious way, from the ones for θ c .
It is now easy to prove the lemma. Given a simplicial homotopy from N P to N Q, presented by triples (t c , θ c , θ c ), one defines
This gives a transformation from P to Q. Conversely, given a transformation from P to Q, presented by θ c , one defines the triples (t A Q(c), θ c , id). This gives a simplicial homotopy from N P to N Q.
Proposition 7.8. Let G and H be 2-groupoids. Then there is a natural (up to weak transformation) equivalence of 2-groupoids

RHom(H, G) ≃ HOM(H, G).
In other words, HOM(H, G) is a natural model for the derived hom-2-groupoid of functors from H to G. In particular, when H is cofibrant, we have a natural equivalence of 2-groupoids
Hom(H, G) ≃ HOM(H, G).
Proof. First we show that if p : H ′ → H is an arbitrary equivalence, then the induced map p * : HOM(H, G) → HOM(H ′ , G) is also an equivalence. Since the induced map N p : N H ′ → N H is a homotopy equivalence of Kan complexes, by Whitehead's theorem, it admits an inverse Q : N H → N H ′ , in the sense that QN p and N p Q are homotopic to the corresponding identity maps. Since N is fully faithful (Proposition 7.4), there exists a weak functor q : H → H ′ such that N q = Q. It follows from Lemma 7.7 that p and q are inverse equivalences. That is, each of f • q : H → H and q • p : H ′ → H ′ is connected to the corresponding identity functor by a weak transformation. This implies that p * :
are also inverse equivalences. To prove the proposition, we may assume now that H is cofibrant. We have a natural full inclusion Hom(H, G) ⊂ HOM(H, G). So it is enough to show that the induced map π 0 Hom(H, G) → π 0 HOM(H, G) is a bijection. Since 2Gpd is a monoidal closed model category and H is cofibrant, we have that π 0 Hom(H, G) ∼ = [H, G] 2Gpd . On the other hand, by Lemma 7.7, we have that
The claim now follows from the fact that N : Ho(2Gpd) → Ho(SSet) is an equivalence of categories (which, in particular, implies that N induces a bijection between [H, G] (N H, N G) .
Proof. Making a cofibrant replacement for H does not change either side, up to a canonical homotopy, so we may assume H is cofibrant. We have to show that N Hom(H, G) ≃ Hom(N H, N G) .
We prove that for every simplicial set A, there is a natural bijection
That is, the contravariant functors from SSet to Set represented by N Hom(H, G) and Hom(N H, N G) are naturally isomorphic. Since both N Hom(H, G) and Hom(N H, N G) have trivial homotopy group in degrees higher than 2, we may assume that A is a simplicial set with the same property. Since the unit of adjunction A → N W (A) is a weak equivalence (Theorem 5.6.iii), we may assume A = N K, for some cofibrant 2-groupoid K. We start by simplifying the right hand side:
The next to last equality follows from the fact that in every monoidal model category, the tensor product of two cofibrant objects is cofibrant. The last equality follows from the fact that, for arbitrary 2-groupoids K and H, the natural morphism K ⊗ H → K × H is an equivalence of 2-groupoids (in fact it is a trivial fibration); see the last paragraph of ([La04] , Section 2). Now we do the left hand side:
We see that the left hand side coincides with the right hand side. This implies that N Hom(H, G) and Hom(N H, N G) are naturally isomorphic in Ho(SSet). Since both N Hom(H, G) and Hom(N H, N G) are Kan complexes, it follows from Whitehead's theorem that they are naturally homotopy equivalent.
Corollary 7.10. Let G and H be 2-groupoids. Then, there is a natural (up to homotopy) homotopy equivalence of simplicial sets
Proof. Combine Proposition 7.8 and Proposition 7.9. Proof. This follows from the fact that
In ( [MoSe] , Proposition 2.2.i) it is claimed that the functor W : SSet → 2Gpd, the left adjoint to the nerve functor, preserves products. Unfortunately this is easily seen to be false: W (I ×I) is not isomorphic to W (I)×W (I) (but they are naturally homotopy equivalent). If this were true, an easy argument would imply that there is natural isomorphism of simplicial sets
for every simplicial set X and every 2-groupoid G; in other words, the adjunction between W and N would be an enriched adjunction (which is not true either). Since W X is cofibrant ( [MoSe] , Proposition 2.2.ii), we would indeed have
which would lead to a straightforward proof of Proposition 7.9.
2
This line of argument is unfortunately flawed. Nevertheless, one can prove the following result (which will not be needed anywhere in this paper).
Proposition 7.12. Given a 2-groupoid G and a simplicial set X, there is a natural homotopy equivalence of simplicial sets
That is, the adjunction between N and W can be enriched, up to homotopy.
Proof. Note that since G has trivial homotopy groups in degrees higher than 2, and since the unit of adjunction X → N W (X) induces isomorphisms on π i , i ≤ 2, the two simplicial sets Hom(X, N G) and Hom(N W (X), N G) are naturally homotopy equivalent. Now apply Proposition 7.9 with H = W (X).
7.3. Monoidal properties of N and W . In this subsection we say a few words about the monoidal properties of the functors N and W . We briefly touch upon this issue without getting into much detail. The material in this subsection will not be used elsewhere in the paper.
What follows is for the most part a consequence of Tonks' Eilenberg-Zilber theory [To] . Tonks' results are, however, stated in the language of crossed complexes of groupoids (while we work with 2-groupoids). Consequently, his monoidal structure is given by the Brown-Higgins tensor product of crossed complexes (while we use the Gray tensor product of 2-groupoids). To make the passage from the category Crs of crossed modules in groupoids to the category 2Gpd of 2-groupoids, we observe that the latter can be identified with a full subcategory of the former. Furthermore, there 2 There is a similar type of error in [MoSe] in the Remark at the bottom of page 194 where the authors claim that the interval groupoid I yields a cylinder object I × A for every 2-groupoid A. This is false, because the map A ' A → I × A is not in general a cofibration. The right thing to do would be to take I ⊗ A. Or one could work with path objects G I := Hom(I, G).
is an idempotent "truncation functor" t : Crs → 2Gpd which sends the BrownHiggins tensor to the Gray tensor, namely t(A ⊗ BH B) = t(A) ⊗ t(B). Using the functor t we can translate Tonks' results to the language of 2-groupoids.
Let us now outline certain monoidal features of the functors N and W . The functors N and W are both lax monoidal and lax comonoidal, and these lax monidal/comonoidal structures on these functors are compatible in many ways:
W is lax monoidal. There are morphisms of 2-groupoids b X,Y :
, natural in simplicial sets X and Y . This follows from [To] , Proposition 2.6.
W is lax comonoidal. There are morphisms of 2-groupoids a X,Y :
, natural in simplicial sets X and Y . This follows from [To] , Proposition 2.1.
N is lax monoidal. There are morphisms of simplicial sets a 
The same thing can be said about N . In other words, W (X) ⊗ W (Y ) is naturally a strong deformation retract of W (X × Y ), and N (G) × N (H) is naturally a strong deformation retract of N (G ⊗ H). In particular, all morphism a, b, a ′ and b ′ are weak equivalences.
It also seems plausible that the pair (W, N ) is indeed a monoidal adjunction (and also a comonoidal adjunction). One could also ask whether the monoidal (resp., comonoidal) structure of W is compatible with the comonoidal (resp., monoidal) structure of N . One may also wonder if the above mentioned deformation retractions for W are in some way compatible with the ones for N .
Pointed weak functors and application to crossed modules
We can prove pointed versions of the results of the previous section. For instance, we have the following propositions. 
Proof. We prove that whenever H is a cofibrant pointed 2-groupoid and G an arbitrary pointed 2-groupoid, then we have a natural homotopy equivalence
We will always denote the base points by * . Consider the map of 2-groupoids
Applying Axiom M7 of monoidal closed model categories ([La04] , 7) to the cofibration * → H and fibration G → * , we see that ev * is a fibration of 2-groupoids. Similarly, using the fact that the nerve of a 2-groupoid is fibrant (Proposition 5.4.ii), together with SM7 for SSet, we see that the following map of simplicial sets is also a fibration:
Now, we observe that Hom * (H, G) is the fiber over * of ev * : Hom(H, G) → G, and Hom * (N H, N G) is the fiber over * of ev * : Hom(N H, N G) → N G. The claim now follows from Proposition 7.9, plus the fact that taking nerves preserves weak equivalences and fiber products (Proposition 5.4.i,ii). Using the fact that 2Gp is a full subcategory of 2Gpd * , we immediately obtain the 2-group versions of the above propositions. In particular, using the fact that CrossedMod and 2Gp are equivalent ( §3.3), we get the corresponding statements for crossed modules as well. Note that in this case both sides of the equivalence in Proposition 8.1 are actually 1-groupoids.
For the readers' information we include the crossed module translations of the notions of weak functor between 2-group, transformation between weak functors, and modification between transformations.
Definition 8.4. Let G and H be crossed modules. A weak map P : H → G consists of the following data:
• a pointed set map p 1 :
These data should satisfy the following conditions:
W4. Cocycle condition:
x,y ε xy,z = ε y,z ε x,yz ; W5. Equivariance:
Ettore Aldrovandi has found a two-variable version of (W5) that, in the presence of the other axioms, is equivalent to (W5).
W5
′ . Two-variable version:
Definition 8.5. Suppose we are given two weak functors P = (p 1 , p 2 , ǫ) and Q = (q 1 , q 2 , δ) from H to G, as in Definition 8.4. A transformation from P to Q is given by a pair (a, θ), where a ∈ G 1 , and θ : H 1 → G 2 is a map of sets. This pair should satisfy the following conditions:
Such a transformation is called pointed if a = 1.
Definition 8.6. A modification between two transformations (a, θ) and (b, σ) is given by an element µ ∈ G 2 that has the following properties:
By definition, the only pointed modification is µ = 1, namely the trivial modification.
Crossed modules are in practice more amenable to computations than 2-groups, while 2-groups are more conceptual. An important problem regarding 2-groups is to compute the derived hom 2-groupoids RHom(H, G) in an explicit way. One way to do this is to use the above description of weak morphisms. It is also possible to give a description of elements of RHom(H, G) using cohomological invariants. But this may in practice be not so useful, and we also loose information about transformations between weak morphisms. In [No] we give an explicit description of weak morphisms, and transformations between them, in terms of certain diagrams of groups which we call butterflies.
Weak 2-groupoids
In Section 4 we saw (Proposition 5.4) that the nerve functor N : 2Gpd → SSet identifies 2Gpd with a subcategory of SSet that is not full. The lack of fullness was remedied in Section 7 by considering weak functors between 2-groupoids (Proposition 7.4). So the category 2Gpd w is identified with a certain full subcategory of SSet. The natural question now is to characterize this full subcategory. We know so far that a simplicial set X in the image of N has the following properties:
1. X is a Kan complex. 2. X is 3-coskeletal (i.e., X is isomorphic to the coskeleton of its 3-truncation {X 0 , X 1 , X 2 , X 3 }.
Is this enough to characterize the image of N ? The answer is no. To see what is missing, let us consider the nerve functor from Gpd to SSet. In this case, every simplicial set in the image of N is Kan and 2-coskeletal. But a simplicial set in the image of N has an additional property: it satisfies the condition for a minimal simplicial set for n ≥ 1. That is, such X is minimal, except possibly at degree 0.
Definition 9.1. We say a simplicial set X is k-minimal if it satisfies the minimality condition for n ≥ k. That is, every two n-simplices that have equal boundaries and are homotopic relative to their common boundary are actually equal (see [Ma] , §9 , or [GoJa] , §I.10).
For example, the nerve of a groupoid is 1-minimal, as we explained above. It is easy to see that any X that is isomorphic to the nerve of a 2-groupoid satisfies the following property:
a. Any k-coskeletal X is automatically (k + 1)-minimal. So, any 3-skeletal X is 4-minimal. Therefore, the condition (3) puts only two new restrictions on X. In other words, in the presence of (1) and (2), we only need to verify that the condition of Definition 9.1 is satisfied with n = 2 and n = 3. b. If X is Kan and 2-minimal, then it can be shown that for any n ≥ 3, whenever two n-simplices in X have the same boundary, then they are indeed homotopic relative boundary (hence equal). In other words, the natural map X → Cosk 2 (X) is injective (in general, k-minimal implies X → Cosk k X injective). So, one of the conditions in (a) can be replaced by the injectivity of X → Cosk 2 X.
Let SSet2 denote the full-subcategory of SSet consisting of simplicial sets satisfying conditions (1), (2) and (3) above. It is more natural now to consider the (fully faithful) functor N : 2Gpd w → SSet2 and ask whether it is an equivalence. The answer is no! In the same way we had to weaken the notion of a functor in order to make N full, we have to weaken the notion of a 2-groupoid to make N essentially surjective. Definition 9.3. A weak 2-category C is defined by exactly the same data and axioms as a strict 2-category, except that the axiom on the associativity of composition of three composable arrows a, b and c is replaced by the choice of an associator φ a,b,c : (ab)c ⇒ a(bc), for every such triples of arrows.
3 The associators are required to satisfy the following conditions:
A1. The famous pentagon identity
See, for example ( [Be] , page 6). A2. Whenever one of a, b or c is the identity, then φ a,b,c is the identity.
A weak 2-groupoid is a weak 2-category in which for every arrow a there exists an arrow b, with reverse source and target as a, such that ab and ba are 2-isomorphic to the corresponding identity arrows. A weak 2-group is a weak 2-groupoid with one object.
Remark 9.4. The requirement on inverses seems a little too weak, as we have not asked for any compatibility with the associators. However, as is shown in [BaLa] for the case of weak 2-groups, it can be shown that one can select a coherent family of inverses in a way that all the required compatibility conditions with the associators are satisfied. We will not, however, need this fact here.
9.1. Weak functors between weak 2-categories, and transformations. We can talk about weak functors between weak 2-categories. The definition is the same as Definition 7.1, but the square should be replaced by the following hexagon
Weak 2-categories and weak 2-functors between them form a category, which we denote by W2Cat.
We can also talk about transformations between weak functors, and modifications between them. The definitions are exactly the same as the ones for the case of weak functors between strict 2-categories ( §7.1).
Similarly, we have the categories W2Gpd and W2Gp. (We define weak 2-functors between weak 2-group(oid)s to be simply weak 2-functors between the underlying weak 2-categories.) 9.2. Nerve of a weak 2-groupoid. To a weak 2-category C we can associate a nerve N C. The simplices are exactly the same as in the case of strict 2-categories (see Section 4), except that now the commutativity of a 3-cell like the one on page
. With some careful, and not entirely easy, 2-diagram chasing, it can be shown that taking nerves is a functor N : W2Gpd → SSet2. This functor is indeed an equivalence of categories (Proposition 9.6).
X. We define φ f,g,h : (f g)h ⇒ f (gh) to be the 2-simplex d 1 (H); here, we are again using ◮. The following fact is the key to proving that G X satisfies the axioms of a weak 2-groupoid, as well as to proving that the functor X → G X is an inverse to the nerve functor.
◭ ◮ Suppose we are given a hollow 3-simplex ∂∆ 3 → X whose faces are labeled as in the tetrahedron on page 8. Then, this hollow 3-simplex can be extended to a (necessarily unique) 3-simplex ∆ 3 → X if an only if (f γ)(β) = (αm)(δ). Using ◭ ◮ we prove the pentagon identity as follows. Let {a, b, c, d} be a sequence of composable maps. We will denote the sequence of vertices of these arrows by {0, 1, 2, 3, 4}. Let Λ ⊂ ∆ 4 be the 2-skeleton of the standard 4-simplex. Consider the map J : Λ → X whose effect on 2-faces is given by: In the above diagrams, I f,g has been abbreviated to I (which is meant to remind the reader of the identity 2-morphism), and T = (φ a,bc,d ) (aφ b,c,d ).
In fact, J extends (uniquely) to the horn H : Λ 5 1 → X. To see this, one just needs to verify that J can be extended to each of the faces d 0 , d 2 , d 3 , and d 4 , which is easily done using ◭ ◮. The horn H can now be uniquely extended to a full 4-simplexH : ∆ 4 → X using the Kan extension property and Remark 9.2.b. This in particular implies that the, a priori hollow, 3-cell d 1 (H) has a filling. Using ◭ ◮, this translates to
which is the desired pentagon identity. This completes the (sketch of the) proof that G X is a weak 2-groupoid.
Let us now verify the functoriality of our construction. Namely, given a simplicial map F : X → Y in SSet2, we describe the induced weak functor G F : G X → G Y . The effect of G F on objects, 1-morphisms and 2-morphisms is defined in the obvious way. Given a pair f and g of composable morphisms in G X , we define ǫ f,g to be the 2-morphism in G Y associated to the 2-simplex F (I f,g ); we are using ◮ again.
The fact that the above two functors are inverse to each other is not difficult to check using ◮ and ◭ ◮.
Definition 5.2 and Lemma 7.6 remain valid for weak maps between weak 2-groupoids.
9.3. Strictifying weak 2-groupoids. Most of the 2-groups that appear in nature are weak. There are, however, general methods to strictify weak 2-groups. We briefly address this problem after the following example. We point out that the question of strictifying weak 2-groups, or more generally bicategories, has been studied by many authors (see for instance, [McPa] , [Lap] , [BaLa] , [La04] ), but our point of view is slightly different, in that our main emphasis is on showing that the strictifications that we consider do respect derived mapping spaces. In other words, our main interest is in using strictifications (or weakenings, for that matter) as tools for computing derived mapping spaces.
Example 9.7. Let A be an abelian group, and Γ an arbitrary group. Consider the groupoid E of central extensions of Γ by A. There is a natural multiplication on E which makes it into a weak 2-group. It is defined as follows. Take two objects The set of isomorphism classes of elements in E(Γ, A) is in natural bijection with H 2 (Γ, A), and the automorphism group of an object in E is naturally isomorphic to H 1 (Γ, A). Therefore, we have π 1 E = H 2 (Γ, A), and π 2 E = H 1 (Γ, A). We can give a strict model for the weak 2-group E using cocycles as follows. Let C 2 (Γ, A) be the group of 2-cocycles from Γ to A. Let A Γ be the group of (set) maps from Γ to A. Let C 2 (Γ, A) act trivially on A Γ . Form the crossed module [∂ : A Γ → C 2 (Γ, A)], where ∂ is the boundary map. This crossed module is a strict model for E. In fact, this example can be made to work in the case where A is an arbitrary Γ-module, and E is the group of such extensions for which the induced action of Γ on A coincides with the given one. Now we consider the general strictification problem for weak 2-groupoids and weak maps. We have a hierarchy of 2-groupoids as in the following commutative diagram:
All the maps in this diagram respect (and reflect) weak equivalences. So we can pass to homotopy categories. Proof. We have to prove that W provides an inverse equivalence to all of the downward arrows. For the leftmost arrow, this is part of Theorem 5.6. Let us prove the statement for the rightmost arrow. We have to show that W : 2Types → Ho(W2Gpd) is an inverse equivalence to N : Ho(W2Gpd) → 2Types. The fact that N • W : 2Types → 2Types is equivalent to id 2Types is already part of Theorem 5.6, because W : 2Types → Ho(W2Gpd) factors through Ho(2Gpd). We now show that for every weak 2-groupoid G there is a weak equivalence G → W N (G), natural in G. Since N : W2Gpd → SSet is fully faithful and reflects weak equivalences, it is enough to construct a weak equivalence N G → N W N (G). But this is easy because we know that for every simplicial set X with π i X = 0 for i ≥ 3, for example X = N G, there is a natural map X → N W (X), namely the unit of the adjunction of Theorem 5.6, and that this map is a weak equivalence (Theorem 5.6.iii).
The proof for the case of Ho(2Gpd w ) is similar.
The same discussion applies to the case where everything is pointed. In particular, we have a diagram which passes to the homotopy category, and we obtain the following proposition whose proof is similar to that of Proposition 9.8. Here Con2Types * is the full subcategory of Ho(SSet * ) consisting of pointed connected simplicial sets X with π i X = 0, i ≥ 3. In all three cases, the downward arrows are given by N , and their inverse equivalences are given by W .
Propositions 9.8 and 9.9 can in fact be strengthened to statements about simplicial mapping spaces. This means that all these functors respect derived mapping spaces, up to natural homotopy equivalences. Let us explain what we mean by "derived." If we are in 2Gpd, 2Gpd * or 2Gp, derived simply means working with RHom rather than Hom. If we are in SSet, to compute derived mapping spaces we need to first make a fibrant replacement on the target; observe, however, that the images of the nerve functors always land in the fibrant part, so in such cases derived mapping spaces are the same as the usual mapping spaces Hom. In 2Gpd w , W2Gpd, and in their pointed versions, derived mapping space simply means the hom-2-groupoid HOM.
For instance, if we are given weak 2-groups H and G, then the hom-2-groupoid HOM(H, G) is naturally equivalent to the derived hom-2-groupoid RHom(H s , G s ), where G s := W N G is the "strictification" of G. This hom-2-groupoid is in turn naturally equivalent to HOM(H s , G s ), where the latter is computed in 2Gpd w .
